Abstract. We give a generalization of Vukman's theorem concerning a pair of derivations on rings. Then applying this purely algebraic result we obtain several range inclusion results of pair of derivations on Banach algebras.
Introduction
Let 72. be a ring with the center Cn· A mapping / : TZ -> TZ is said to be centralizing if [f(x),x] E C-ji for all χ Ε TZ. In the special case where
[f(x),x]
= 0 for every χ ETZ, the mapping / is called commuting. A mapping / : TZ -y TZ is said to be central if f(x) E C-JI for all χ ETZ. Obviously, every central mapping is commuting, but not conversely in general. A mapping / of a ring TZ is said to be skew-centralizing if F(x)χ + χ F(x) E C-JI for all χ E TZ. In particular, if f(x)x + xf(x) = 0 for all χ ETZ, then it is called skew-commuting.
The study of centralizing and commuting mappings was initiated by a well-known theorem of Posner asserting that the existence of a nonzero centralizing derivation on a prime ring TZ implies that TZ is commutative [15] . This theorem has been generalized by many people in different ways. Chaudhry and Thaheem [7] prove that if d, g are a pair of derivations of a semiprime ring TZ such that d(x)x+xg(x) E Cu for all χ ETZ, then d and g are both central. In particular, if TZ is a prime ring, then / = 0 and 5 = 0. The following result was obtained by Chang, Jun and Jung [4] , Let η be a fixed positive integer, TZ be a noncommutative (η + 1)¡-torsion free (semi-)prime ring and d, g be Jordan derivations on Let TZ be a noncommutative 2-torsion free prime ring and di,gi(i = 1,2) be
then di = (¿2 = 0 and <?ι = <?2 = 0.
On the other hand, many authors use some pure algebraic techniques (especially, the techniques concerning (semi-)prime rings) to study the range inclusion problem of derivations on Banach algebras. Most results in the field of range inclusion deal with one derivation, while pair of derivations on Banach algebras was more less considered. The first result with respect to a pair of derivations appears in [3] 
Let A be a noncommutative Banach algebra, d,g be continuous Jordan derivations on A and η be a fixed positive integer.
, Vukman also used his algebraic result to obtain the following two results concerning range inclusion of derivations on Banach algebras. Let A be a noncommutative Banach algebra and d, g be continuous
Let A be a noncommutative Banach algebra and di,gi(i = 1, 2) be continu- E Cn for all χ e TZ, then d = 0 and g = 0. Under the same assumptions, if TZ is a noncommutative 2mn(m + η -l)!-torsion free semiprime ring, then d and g map TZ into C-R.· Then we apply this identity with derivations to obtain several range inclusion results of pair of derivations on noncommutative Banach algebras from the point of view of ring theory.
Preliminaries
Throughout this paper TZ always denotes a (semi-)prime ring with the center C-jz and A always denotes a Banach algebra which is a complex normed algebra and its underlying vector space is a Banach space. A ring TZ is said to be n-torsion free if nx = 0 implies χ = 0 for all χ G TZ. As usual the commutator xy -y χ will be denoted by [x,y] . Recall that a ring TZ is said to be prime if the product of any two nonzero ideals of TZ is nonzero. Equivalently, aTZb = 0 with a, b G TZ implies that α = 0 or ò = 0. A ring TZ is called semiprime if it has no nonzero nilpotent ideals. Equivalently, aTZa = 0 with a G TZ implies that a = 0.
An additive mapping d : TZ -> TZ is called a derivation oiTZ if d(xy) = d{x)y+xd{y) holds for all x, y € TZ and is called a Jordan derivation of TZ if d(x 2 ) = d(x)x + xd(x)
is satisfied for all χ E TZ. Every derivation is a Jordan derivation. The converse is in general not true. However, Herstein [10] has showed that every Jordan derivation on a 2-torsion free prime ring is a derivation. The Jacobson radical of A is the intersection of all primitive ideals of A and is denoted by rad(A). The nil radical of A is the intersection of all prime ideals of A and is denoted by nil (A). Let X be any closed ideal of the Banach algebra A. Then Q% denotes the canonical quotient map from A onto A/I. Moreover, we assume that all mappings on Banach algebra A are linear mappings in the whole paper.
Pairs of derivations on rings
In this section, we consider the pair of derivations on (semi-)prime rings. These results will play an important role when we discuss the images of pair of derivations on Banach algebras.
The first main result of this section is the following. Proof. By assumption we have that Proof. The assumption implies that (3.11) [d(x m )x n -x n g(x m )
,z] = 0 for all x,z ETZ. Repeating the computing process of (3.2) -(3.4) for (3.11), we obtain 
for all χ G TZ. Substituting x + Xy for χ in (3.19) and then taking y = c φ 0, we can obtain
for all χ G TZ. Continuing this process, the final relation must be established as follows It is natural to ask whether or not Theorem 3.2 remains valid for the case of semiprime rings. We will use the orthogonal completeness method [1] to extend Theorem 3.2 to the case of semiprime rings.
Another related object we need to mention is the left Utumi quotient ring of ΤΖ. TZ always denotes a (semi-)prime ring and U always denotes the left Utumi quotient ring of 7Z. U can be characterized as a ring satisfying the following properties: Up to isomorphisms, U is uniquely determined by the above four properties. If TZ is a (semi-)prime ring, then U is also a (semi-)prime ring. The center of U is called the extended centroid of TZ and is denoted by C. It is well known that C is a Von Neumann regular ring. It turns out that C is a field if and only if TZ is a prime ring. The set of all idempotents of C is denoted by £. The elements of £ are called central idempotents. 
= d(TZ)[TZ 2 , TZ] = d(TZ)TZ[TZ, TZ] + d(TZ)[TZ, TZ]TZ = d{TZ)TZ[TZ, TZ].

= g(TZ)[TZ 2 ,TZ] = g(TZ)TZ[JZ,TZ] + g(TZ)[TZ,TZ]TZ = g{TZ)TZ[TZ,TZ].
Therefore [TZ, d{TZ)]TZ[TZ, d(TZ)] = 0 and [TZ,g(K)]TZ[TZ,g(TZ
Pairs of derivations on Banach algebras
In this section we will discuss several range inclusion problems of derivations on Banach algebras from the point of view of ring theory. Most of results in this field deal with one derivation, while pair of derivations on Banach algebras was more less considered. On the other hand, many results are proved under the assumption of continuity of derivations. Our several results are proved without assuming the continuity of derivations. Let us start this section with the following lemma. 
